
 

Eulerproducts

last time we saw how to associate a Dirichlet
series Lf s to an arithmetic function f Now
we'll see Lys has niceproductrepresentation
when f is multiplicative

Recall Let Zn a sequence ofcomplex numbers
with tnt 1 for new Then theproduct

II Itt converges e the
sequence PNIIistzn
converges

Theme III It Zn converges Ig log 11th
converges

IT 1 It Zn converges absolutely

Zealleg Itta converges



theoremEulerproduct
let f et multiplicative If Lf converges

absolutely at sea then
Is Ipls Entitles

where the product on the right converges absolutely
Moreover if f completely multiplicative then

s Iep 1 543172

Note at Taaffe Z.tt III
if f completely multiplicative

Proof Note that for eachprime p Effie
converges absolutely as so doesLfs

Let Pai fan Etfs
Natethat if n pi pit thenfisttiffs ftp.esince f multiplicative



Denote BCN MEN pin RL N

I setofnaturalnumberswhere allprime factors
are less than N

Let pan fan Pr
then Pr E.it f

ens E tfe
we have used uniquegrime

faetanisation and that

fi e s is absolutely convergent

Therefore Pw Lt's Eight 11s
IT 0

We have used that 2 15 absolutely convergent
at s and that t 2 N 2 BIN

Theproductis absolutely convergent since similarly

THE 1 In EF ftp.LE.EE nsKo
for all N



Example 91s Lees I 11 1st fetus's 1
Lets I letftp.e IlatEifnes

Note that for 04 121
Et

differentiating bothsides II Ign
x

Put x p get 1 Elites 1 Y
fate's 1

Hence Le 1st fist which we already knew from T EE

Lu's I 11 f 9652 Rees s 1

Charactersoffiniteabeliangroups

Definition If G is a finitegroup then

I X G A homomorphism

is called the dualgroup ofG lunitarydualofG



Lemme Define G G G by IX 4 Ig g 41g
for g e G

Then I 6 abelian
group with neutral

element to g 1

For any Rf G the character Tcg Regt IgEG
is its multiplicative inverse

Proof exercise

Proposition Let G finiteabeliangroup
Then G E G

Proof Bystructure theorem offiniteabelian
groups we Know GE IT 21 ni 2
for some Na Nu E N

Therefore there existga get with ordigi Ri
St any ge G hasunique writing

g g t gie I e ri Emi

LetXGE Then Reg Riga Xiget
I enough to determine valuesof tongs ge



Since gi has order ni then Regi Regi Xie 1

F Itai E mi sit Regi etui
Rigi is Mi th rootofunity

Note thateach choice of I ai e ni for s e ie k
uniquely determines a character
hence 14 161 ITni

It remains to show G andG isomorphic For kick
define the character Xi G G sit

Xi lgit.ee
niXilgj1 for it j

We see that Xs Xx generate G and each

REG can bewritten uniquely as
X XE Rik I e ti e ni

Hence the map 4 G G is an isomorphism

Gitai ofgroups Oh

Rement The isomorphism is notcanonical
it depends on choice ofgenerators gs ga

bl



Corollary It separatespoints
Let a finiteabelian If g e Gue

there exists

Xe Gsuch that XIg 1

Proof Letgenes and H 2g so IH l s 1
Suppose for contradiction H c Ker X K X E G
Hence we can construct injective map

Q G GIT
given by Q x gH Ng for g e G

welldefinedsince TCL 1 the H K XE d
Thus I61 16 El GI I Gla1 1,942161 contradiction

Remy By above E E GE G Here isomorphism

E G E is canonical given by
E g x XI g XE G g t G

Indeed Me is a homomorphism and injective since
I separates points in G
Ely lx 1 DXGG e Right K X G E e g e

Notation We denote toe I tobe the identity
character to g L kg e G



Theorem Iorthogonality relations

TGbeafinteabtangroup
For all g e G Egg flat

if g e

O if g e

and for XGE Jeong
la if X X

O if X Xo

Proof We startwith second assertion
Clear when X Xo

Suppose Xt Xo Hence F he Gs t.NL 1
then

gangggugh
t1h 5got9

g tigh bijection
Since Nh 1 3 Eatg 0

For the firstassertion note that

Egg ZE Ig x
Ref

and thus it follows from case already proven a



Alternatively for first assertion if gte X'EG
such that g 1 hence

IF'S FIXXG X9 EEG
970

In number theory we encounter two types

ofcharacters additive charactersand multiplicative
characters

Additivecharact.ee Letone in
Character ofadditivegroup 4 2122 t 1C
Can view as function Q n Y n modq new

There are 2 additive characters mod g and
since 2122 cyclic they can be uniquelywritten as

41m like for 1 a q

Additic character Y mtn 41m Yin

Orthogonality relations Ʃ e 2 if In
and of 0 if 27N



MIlicativechract.rs A multiplicative
character modulo

q is a character of the
multiplicativegroup 2 22
Since 1121225 f q there are 4cg
mult characters modulo q Contrary to additive
case ingeneral they cannotbe written in
explicit form

C ETH Xmm Nm Xin

m n with 1m 2 In 2 1

Note that XE 1212T can be viewed as
a function on classes n modq where in g 1

Canextend this to all IN as follows

Definition Dirichletcharacters

A map TEA is a Dirichletcharacter modg
if there exists a character also X on 2 972
such that

Xln In modq if In 2 1
0 else



Note we utilise same symbolfor bothfunctions
usually it's clear from contextwhichone is meant
Dirichletcharacters are completely multiplicative

Definition PrincipalDirichletcharacter

The Dirichletcharacter corresponding to trivial
character to mod q is called theprincinalcharactermode

It is given explicitly by Xolm 1 In 9 1
0 otherwise

We can write orthogonality relations as

Ʃ Nn 412 it n Lmode
modg 0 otherwise

and Eugen 244
if X Xo

0 if Xo

We can use Dirichletcharacters to look at
arithmetic functions in arithmeticprogressions



Glare fulness ofDirichletcharactersLet feet an arithmetic function and act
Them with la g 1

g ImagesExfman

Proof It EYE
mealy GAELE

Ex III
India Ef Xn

Dirichlettfunctions

Def Let modq a Dirichletcharacter We
define the Dirichletseries associated to

LLS X LIST th



This is absolutely convergentfor Recs 1

and hence defines holomorphicfunction in this region

completely multiplicative forRecs s 1 we have

Eulerproduct LISA I 11 115In particular for X Xo
Us
711 XYI I.gg 1 4

ICS 211


